In the modeling of the pulse wave in the systemic arterial tree, it is necessary to truncate small arterial crowns representing the networks of small arteries and arterioles. Appropriate boundary conditions at the truncation points are required to represent wave reflection effects of the truncated arterial crowns. In this work, we provide a systematic method to extract parameters of the three-element Windkessel model from the impedance of a truncated arterial tree or from experimental measurements of the blood pressure and flow rate at the inlet of the truncated arterial crown. In addition, we propose an improved three-element Windkessel model with a complex capacitance to accurately capture the fundamental-frequency time lag of the reflection wave with respect to the incident wave. Through our numerical simulations of blood flow in a single artery and in a large arterial tree, together with the analysis of the modeling error of the pulse wave in large arteries, we show that both a small truncation radius and the complex capacitance in the improved Windkessel model play an important role in reducing the modeling error, defined as the difference in dynamics induced by the structured tree model and the Windkessel models.
Introduction
In traditional Chinese and Greek medicine, the temporal profile of the blood pressure is believed to be an important indicator of the state of human body [1, 2] . Information carried by the pulse wave, in particular, the amplitude and the rhythm, has also been used in diagnosis of different cardiovascular diseases such as hypertension, atherosclerosis, and stenosis [3] [4] [5] [6] . Physiological experiments and mathematical modeling have been carried out in the study of physiological and mechanic properties related to the blood flow [7] [8] [9] . For example, one-dimensional models predicting the blood pressure and flow rate in large arteries have been used to predict pulse wave propagation [10] [11] [12] [13] [14] [15] [16] [17] .
In general, there is a large amount of small vessels in an arterial tree. To reduce the complexity in the simulation of the blood flow, it is necessary to truncate the small arterial crowns, which are downstream arterial trees from the truncation points (as illustrated in Fig 1A) . At the truncation points, suitable outflow boundary conditions for the pulse wave in the large arteries are used to represent wave reflection effects of the truncated arterial crowns. Various types of outflow boundary conditions have been used in the previous works, including the constant resistance model (CR) [18] [19] [20] [21] , the tapering-vessel model [22] , the Windkessel model (WK) [6, [23] [24] [25] [26] , and the structured tree model (ST) [17, [27] [28] [29] [30] . In a number of specialized applications, a non-constant resistance model has been used to model the effect of cerebral autoregulation in the brain [31] , and a structured tree model incorporating the effects of geometry, compliance, and respiration has been used to mimic the pulmonary vascular system [32, 33] . It has also been reported that outflow boundary conditions can greatly affect the wave profile in the upstream arteries [11, 28] . Therefore, it is important to systematically investigate the validity of the outflow boundary conditions.
The CR and WK models are obtained through an analogy to electric circuit components. The CR model is represented by a resistor, in which the blood pressure is assumed to be proportional to the blood flow rate. This boundary condition often leads to a large non-physical reflection of the pulse wave because it does not capture the compliance of the downstream arterial walls [11] . In the three-element WK model, there are three physical quantities, namely, the peripheral resistance, the characteristic resistance, and the capacitance [6, [34] [35] [36] [37] . The capacitance is introduced to take into account the compliance of the downstream arterial walls [38] . If the parameters of the WK model for the truncated arterial crowns are able to incorporate their resistant and compliant properties, the one-dimensional model of blood flow in the large arteries can capture the profile of the pulse wave [28] . In general, it is difficult to obtain the structures of all the truncated arterial crowns. To circumvent this issue, structured trees are constructed to model the truncated arterial crowns [28] . The impedance of a structured tree, which is the ratio of the Fourier coefficient of the blood pressure to that of the flow rate at the inlet of the structured tree, is obtained from the linearized system of the one-dimensional model of blood flow in the structured tree. With the ST model, detailed characteristics of the pulse wave such as the dicrotic wave are observed in the simulations [11, 29, 30, 32, 33] . Therefore, it is important to carry out a systematic comparison among these models.
In general, it is difficult to obtain all the information of the arterial crowns. In order to obtain an accurate description of pulse wave in a large arterial tree, a number of crucial questions need to be addressed: How to parameterize the simplified models (e.g., the WK model) from the geometrical structure and elastic property of the truncated arterial crown in order to reduce the modeling error of the pulse wave? What controls the modeling error of the pulse wave? Finally, can we improve the WK model for a better description of the effects of the truncated arterial crown? The answers to these questions are important and can help us relate experimental measurements of blood pressure and flow rate to the structural information of arterial trees.
In this work, a systematic procedure is designed to extract proper values of the parameters of the three-element WK model from the impedance of a truncated arterial crown. A theoretical formula is derived for the characteristic resistance, which depends only on the elastic and geometrical properties of the root vessel. The fundamental-frequency impedance is used to determine the capacitance. A complex Windkessel model (CWK), in which the capacitance can be complex, is proposed in order to accurately capture the fundamental-frequency time lag between the blood pressure and flow rate, thus reducing the modeling error of the pulse wave in large arteries. The modeling error of the pulse wave is defined as the relative difference of the blood pressures (or flow rates) in the large arteries between the ST model and the WK (or CWK) model used as the outflow boundary conditions. By using a characteristic time scale for a truncated arterial crown, we can estimate the modeling error and show that the modeling error decreases when the truncation radius (TR) (Fig 1A) becomes small. Furthermore, Fig 1. Schematics of a single artery and an arterial tree model. A: a single artery (green tube) with a truncated arterial crown. The outlet of the green vessel is defined as the truncation point. The radius of the root vessel of the truncated arterial crown is defined as truncation radius, which is the same as the radius of the green one. B: the main human systemic arterial tree, based on the data in Ref. [17] . C: details of the principal aortic branches. Each dashed ellipsoid attached to an outlet in B and C represents a truncated arterial crown as exemplified in A.
through our numerical simulations, we show that the complex capacitance in the CWK model can significantly reduce the modeling error of the pulse wave.
Mathematical Model
One-dimensional model of blood flow in arteries
One-dimensional models are widely used in studying the blood pressure and flow wave propagation in arterial networks [5, 6, 11, 12, 15] . An artery can be modeled as a cylindrical tube with fixed length, L, and radius, R(x, t), where x and t are the spatial and temporal coordinates, respectively. The dynamics of the cross-sectional area, A(x, t), and the mean blood flow velocity averaged over the cross section, u(x, t), is governed by the following equations obtained from conservation laws of mass and momentum:
where ρ is the blood density, p is the blood pressure, w is the mean square of the velocity averaged over the cross section at x, and f ¼ 2pR A t represents the viscous effect arising from the shear stress, τ, on the arterial wall.
There are five variables (u, A, f, w, and p) but only two equations in Eq (1). We need three more relations to obtain a closed system. First, a velocity profile on a cross section is used to obtain w and f. The Womersley velocity profile [39] has been shown to be able to capture the boundary layer effect for pulsatile blood flow when the Womersley number, W ¼ r 0 ffiffiffiffiffiffiffiffiffiffiffi ffi ro=m p , is large [11, 16, 40, 41] , where r 0 is the unstressed radius of the vessel when the transmural blood pressure is zero, ω is the frequency of the wave, and μ = 0.046 gcm −1 s −1 is the blood viscosity. The Fourier mode of the Womersley velocity profile is given bŷ
where b P x ðoÞ is the Fourier mode of p x (t), J 0 (Á) is the zeroth order Bessel function of the first kind, and r is the polar coordinate in the cross section. Because of the boundary layer effect, the viscous effect f can be significantly enhanced compared to that obtained from the Poiseuille flow profile [42] . For the Poiseuille flow, the velocity profile in a cross section is parabolic and there is no boundary layer. In the intermediate-sized arteries, the Womersley number is large when the frequency is high. In large arteries, the Womersley number is also large even when the frequency is low. For example, for a vessel with the radius r 0 = 0.5 cm and ω = 4ω 0 , where
is the fundamental frequency and the period of one heartbeat period T, say, 0.75 s, the Womersley number is 13.5. Therefore, it is important to use the Womersley model in these vessels to capture the boundary layer effect. Under the Womersley velocity profile, the Fourier mode of the wall shear stress is given bŷ
ð0Þ; otherwise;
whereQðoÞ is the Fourier mode of the blood flow rate, q(t), F J ¼
first order Bessel function of the first kind, and A 0 ðxÞ ¼ pr 2 0 is the unstressed cross-sectional area of the vessel. The periodic velocity profile, v(r, t), and the wall shear stress, τ(t), can be computed fromvðr; oÞ andtðoÞ by the inverse Fourier transform, respectively.
To further close the system, we need a state equation between the blood pressure, p, and the cross sectional area, A [12, 13] . By approximating the arterial wall as an elastic tissue, the state equation can be derived from the Laplace law,
where c is the pulse wave speed in the vessel, E is the Young's Modulus, and h is the wall thickness of the arterial wall [11] . As in Refs. [43, 44] , the thickness of the vessel wall, h, is assumed to be given by h ¼ h a r 0 =r e ð Þ h b , where the parameters h a = 0.1204 cm, h b = 0.6244, and r e = 1.0 cm are fitted with the experimental data in Ref. [45] . The Young's modulus is assumed to satisfy the relation E ¼ k 1 e k 2 r 0 þ k 3 [17] , where k 1 = 2.055 × 10 7 gcm −1 s −2 , k 2 = −5.634 cm −1 , and k 3 = 4.182 × 10 6 gcm −1 s −2 are fitted with experimental data in Ref. [6] . In this work, we neglect the tapering of a single vessel, i.e., r 0 (x), A 0 (x), E(x), and h(x) are assumed to be constant functions of x in each vessel.
Boundary Conditions
Because the heartbeat is approximately periodic, we assume that the blood pressure and flow rate are periodic in time, i.e., pðx; 0Þ ¼ pðx; TÞ; qðx; 0Þ ¼ qðx; TÞ; ð5Þ
where T is the period of one heartbeat and T = 0.75 s is used in this work.
The spatial boundary conditions of a large arterial tree include one boundary condition at the inlet, one boundary condition at each outlet, and three boundary conditions at each bifurcation point. The specific outflow and inlet boundary conditions used in this work are shown in Figs 2 and 3, respectively.
Boundary Condition at the Inlet The cardiac output Q I (t), which can be measured experimentally, is used as the inlet boundary condition for the arterial tree [11, 17, 46] ,
Bifurcation Boundary Condition At a bifurcation point, the conservation of mass yields q P ðtÞ ¼ q L ðtÞ þ q R ðtÞ; ð7Þ where the subscripts P, L, and R refer to the parent, the left-, and the right-daughter vessels, respectively. For blood flow, because the density of kinetic energy is much smaller than the pressure, the pressure can be regarded as being continuous at the bifurcation point [11] ,
The conservation of mass and continuity of pressure can be naturally generalized to the case with more daughter vessels.
Outflow Boundary Conditions When the TR is sufficiently small, the nonlinearity of onedimensional system (Eq (1)) in the truncated arterial crown is weak, because the ratio of the flow velocity to the pulse wave speed and the variation in the pulse wave speed are both very small [47] . Therefore, there is a linear relation between the blood pressure and flow rate at each outlet of the large arterial tree. In the Fourier space, the outflow boundary condition then satisfiesP
wherePðoÞ is the Fourier mode of the blood pressure, p(t), and Z(ω) is the impedance of the truncated arterial crown. In the time domain, Eq (9) is equivalent to
where the kernel function, z(t), is the inverse Fourier transform of Z(ω). In the following, we describe three models of outflow boundary conditions-the constant resistance model, the Windkessel model, and the structured tree model. Constant Resistance Model. In the CR model (Fig 2A) , it is assumed that the impedance is constant for all frequencies [18-21, 48, 49] ,
where R T is the total resistance. The corresponding kernel function is z CR (t) = R T Tδ(t). Thus in the time domain, p(t) = R T q(t). Under this boundary condition, there is no time lag between the blood pressure and flow rate at any outlet of the large arterial tree. This is inconsistent with experimental observations [5, 11] . Three-element Windkessel Model. A three-element WK model has been introduced to describe the relation between the blood flow and pressure at the outlet of the large arterial tree [6, 24, 38] . An analogy of the model to an electric circuit is illustrated in Fig 2B . In this analogy, the blood pressure, p(t), corresponds to the voltage in the electric circuit, and the blood flow rate, q(t), corresponds to the electric current. The capacitance, C T , describes the compliance of the downstream vasculature. By Kirchhoff's law, from Fig 2B, it can be clearly seen that the blood pressure and flow rate in the three-element WK model satisfy
where R 1 and R 1 + R 2 are the characteristic resistance and the total resistance, respectively [25, 37] . Therefore, at frequency ω, the impedance is
and the corresponding kernel function is
Structured Tree Model. In the works of Refs. [17, 27, 28] , a structured tree (Fig 2C) has been introduced to model a truncated arterial crown in order to obtain an outflow boundary condition at the outlet of the large arterial tree. In the structured tree, when the radius of a parent vessel, R P , is known, the radii of the left-and the right-daughter vessels are set to be R L = αR P and R R = βR P , respectively, where α and β = (1 − α ξ ) 1/ξ are the bifurcation ratios, and ξ is the power in Murray's law [11, 27, 28] ,
In the original Murray's law, ξ is equal to 3). The length of a vessel in the structured tree is assumed to be proportional to its radius with length-to-radius ratio, L r . As in the work of Ref. [17] , we use the structure with α = 0.9, β = 0.6, ξ = 2.7, and L r = 50.0.
As mentioned above, when the radius of the root vessel is sufficiently small, the nonlinearity of Eq (1) in the structured tree is weak [47] . Therefore, the pulse wave can be described by the linearized system of Eq (1)
where
is the area compliance of the vessel wall. As discussed before, the boundary layer effect is important when the frequency is high in intermediate-sized vessels. The Womersley velocity profile [39, 50] can capture the boundary layer effect and is used to obtain the viscous term in Eq (15) . We use the following two recursive steps to obtain the impedance of a truncated arterial crown.
Step one: with a known impedance Z(L, ω) at the outlet of a vessel, we are able to calculate the impedance at the inlet of the vessel [11, 17, 27, 28] through the Fourier transform of Eq (15) Zð0; oÞ ¼ l ioC ioCZðL; oÞ cosh ðlLÞ þ l sinh ðlLÞ l cosh ðlLÞ þ ioC sinh ðlLÞZðL; oÞ ; ð17Þ
The real part of λ is the spatial decay rate of the magnitude of the wave and the imaginary part is the wave number.
Step two: the total impedance of two parallel subtrees is
where Z P (L, ω), Z L (0, ω), and Z R (0, ω) are the impedances measured (or calculated) at the outlet of the parent vessel, the inlets of the left-and right-daughter vessels at the bifurcation point, respectively. By setting the impedance to be zero at the distal end of a structured arterial tree and using Eqs (17) and (18) recursively, the impedance, Z ST (ω), of the structured tree can be obtained in the end. Note that this recursive method can be used to calculate the impedance, Z in (ω), at the inlet of a truncated arterial crown once the geometrical structure and elastic properties of the truncated arterial crown are known.
Parameter extraction and the complex Windkessel model
In the outflow boundary conditions for the blood flow in large arteries, the impedance reflects the geometrical and elastic details of the truncated arterial crown. From this point of view, the parameters in the simplified models, such as the three-element WK model, should be obtained from the impedance, Z in (ω), at the inlet of the truncated arterial crown. In this work, we are interested in a systematic procedure of parameter extraction from the impedance and an evaluation of the modeling error of pulse wave using the simplified models. In the following, we propose an improved three-element WK model with complex capacitance to reduce the modeling error of the pulse wave in large arteries. From Eq (13), it can be seen that the total resistance, R 1 + R 2 , is equal to Z WK (0), which is Z in (0), i.e.,
Furthermore, from Eq (13), the characteristic resistance, R 1 , satisfies
where A 0r , c r , and C r are the unstressed cross-sectional area, the pulse wave speed, and the area compliance of the root vessel, respectively [5, 38, 51] . In S1 Text, we provide an analytical derivation of Eq (20) with the Womersley velocity profile. Eq (20) shows that the characteristic resistance is determined by the compliant property of the root vessel and is independent of the structure of the downstream network. It implies that high-frequency wave transmission in the arterial network vanishes due to the boundary layer effect, which is consistent with the result in the work of Ref. [38] . This equation also provides a way to predict the compliance, in turn, the Young's modulus through Eq (16), of the vessel wall by measuring the pulse wave speed of the vessel. From Eqs (19) and (20), we can obtain the value of R 1 and R 2 . For a three-element WK model, only the capacitance now remains to be determined. Note that in general only the lowfrequency (for example, jωj 10ω 0 , where ω 0 is the fundamental frequency related to one heartbeat) components of the blood flow are significant (see S1 Fig) . Therefore, the outflow boundary condition needs to capture the low-frequency impedances well. There have been various approaches to determine the capacitance [37, 52] . In the work of Ref. [52] , the capacitance is derived from the constraint jZ WK (ω 0 )j = jZ in (ω 0 )j at the lowest nonzero frequency-the fundamental frequency, ω 0 , i.e.,
In the work of Ref. [37] , to describe the impedance for the low-frequency response well, the capacitance is determined by the impedances of the two lowest nonzero frequencies, ω 0 and 2ω 0 , i.e.,
In our numerical test, the capacitances obtained with Eqs (21) and (22) are of no significant difference in the modeling error as studied below. Therefore, we will only use the one obtained using Eq (21) in the following. To derive Eq (21), the magnitude of the impedance of the fundamental frequency in the WK model is assumed to be equal to jZ in (ω 0 )j. However, this does not impose a constraint on the phase of the impedance, thus can also lead to a significant modeling error. To capture the phase of Z in (ω 0 ) as well as its magnitude, we impose the constraint (13)), to obtain the capacitance
where C T can take on a complex value and is no longer a real number as in the standard WK model. The new model has the same physical parameters as the standard three-element WK model and will be referred to as the CWK model. Using this model, the phase of the wave of the fundamental-frequency becomes accurate. As will be shown below, this is important for reducing the modeling error. Since the kernel function is a real valued function by definition, the impedance of the CWK model, Z CWK (ω), is thus given by
Z CWK ðÀoÞ; otherwise;
where Z CWK ðoÞ is the complex conjugate of Z CWK (ω). In addition, the parameter extraction method can be also invoked if the impedance is known from experiment, e.g., through Eq (9).
Modeling error
In general, it is difficult to obtain experimental measurement of the impedances. Below we use the impedances obtained from the ST model at the outlets as the reference to evaluate the error of the pulse wave using the WK and CWK models in the outflow boundary conditions. We define the modeling error
for blood flow rate (F = q) and pressure (F = p) in the large arteries, where M = WK or CWK is used to represent results obtained through the WK or CWK model, and kF(x, Á)k 2 stands for the L 2 norm of F in one time period at position x.
Results
To investigate the validity of the WK and CWK boundary conditions as approximations of truncated arterial crowns, we examine the modeling error in the blood pressure and flow rate in large arteries. The parameters of the WK and CWK models are obtained using Eqs (19)- (21) and (24) . Since Eq (1) is a nonlinear system and there is no analytical periodic solution of Eq (1) in a large artery or an arterial tree, we use the numerical schemes and boundary condition treatments in the works of Refs. [11, 27] to obtain the solution of Eq (1). First, we discuss the blood pressure and flow rate in a single large artery with a truncated arterial crown ( Fig  1A) . Then, we consider those in the large systemic arterial tree (Fig 1B and 1C) . Finally, we provide an estimate of the modeling error of pulse wave in large arteries using a characteristic time scale. In our simulation, three distinct cases as shown in Fig 3 
where Q 0 is the mean flow rate at the inlet of the single artery or the arterial tree and P 0 = 76.0 mmHg is the diastolic blood pressure. The above three conditions will be referred to as the sinusoidal flow input, the pulsatile flow input, and the pulsatile pressure input, respectively (Fig 3) .
Case 1: Single artery
In the single artery case (Fig 1A) , the wave propagation in the artery is obtained with the inflow boundary conditions given by Eqs (27)- (29) and the outflow boundary conditions obtained with the ST, WK, and CWK models, respectively. The typical values of the unstressed radius, r 0 , the length, L, of the vessel, and the mean flow rate, Q 0 , in the vessel are tabulated in Table 1 . For the cases of r 0 = 0.26 cm and r 0 = 0.13 cm, the blood pressures and flow rates at the midpoint of each artery are shown in Fig 4. Comparing the results shown in Fig 4A and 4B , we can see that when the radius of the artery decreases from 0.26 cm (panels in Fig 4A) to 0.13 cm (panels in Fig 4B) , both results obtained with the WK model and the CWK model result in a smaller modeling error. As is also shown in Fig 4, for the sinusoidal flow input (the left panels), the profiles obtained from the CWK model almost overlap with those obtained from the ST model. This is because that the fundamental-frequency impedances of the two models are identical (see Eq (23)). For the pulsatile flow input and the pulsatile pressure input (the middle and right panels in Fig 4) , the CWK model also approximates the ST model significantly better than the WK model mainly because that the CWK model can accurately capture the fundamental-frequency time lag between the blood pressure and flow rate.
In Fig 5, we collect the modeling errors of the blood pressure and flow rate at the mid-point of each single artery in Table 1 , where the blood pressure is obtained with the pulsatile flow input and the blood flow rate is obtained with the pulsatile pressure input. The modeling errors of both blood pressure and flow rate decrease when the vessel radius decreases. The modeling error induced by the CWK boundary condition is smaller than that by the WK boundary condition. Note that under the requirement that the modeling error of the blood pressure be less than 5%, the radius of the vessel need to be smaller than 0.35 cm for the CWK model whereas smaller than 0.13 cm for the WK model.
Case 2: Systemic arterial tree
The geometrical information of a truncated human large arterial tree (Fig 1B and 1C) is collected in Table 2 [17]. In our simulation, the pulsatile flow input with Q 0 = 83.3 cm 3 /s is imposed at the inlet of the arterial tree. In order to have an approximately uniform TR, a chosen radius, R t , is used to determine the modification of the original arterial tree in Table 2 . If the radius of a terminal vessel of the original arterial tree is greater than R t , we attach a structured tree to the terminal vessel, thus obtaining a modified arterial tree. Then we delete all the vessels in the modified arterial tree whose parent-vessel radii are smaller than R t . This modified arterial tree with the ST model, the WK model, or the CWK model at all its outlets is used in our simulation to compute the modeling errors.
In Fig 6, we display the blood pressures and flow rates at the mid-point of each of 9 representative vessels in the large arterial tree obtained with R t = 0.25 cm. From Fig 6, it can be seen that the profiles of the blood pressure and flow rate obtained from the WK model and from the CWK model are in good agreement with those obtained with the ST model. The CWK model again gives rise to a smaller modeling error than the WK model in the modeling of the large arterial tree. To clarify the modeling errors induced by the WK and CWK boundary conditions, we collect the modeling errors of the blood pressure and flow rate at the mid-point of each vessel in the truncated arterial tree in Fig 7 and list the average errors in Table 3 . As expected, it can be seen that when the threshold, R t , decreases, the modeling errors of both the blood pressure and flow rate decrease. The modeling error of the flow rate is much greater than that of the blood pressure. This difference in modeling error between the blood pressure and flow rate is partly due to the fact that ratio of the maximal fluctuation to the mean value of the blood pressure is much smaller than that of the blood flow rate. As can be seen from Fig 7, the modeling errors of the blood pressure and flow rate are large in certain terminal vessels of the arterial tree. On the other hand, the modeling errors of the blood pressure and flow rate are small in the upstream vessels (according to the direction of the blood flow). In fact, this can be understood by the analysis of the error propagation (see S2 Text)-the modeling error is compressed when it propagates upstream. Therefore, the modeling errors of blood pressure and flow rate in a large arterial system can be bounded by those at the outlets of the large arterial tree. The Vessel index is used in Fig 1B and 1C to label the vessel. L and r 0 are the fixed length and unstressed radius of each vessel, respectively. The data are adapted from the geometrical data in Ref. [17] doi:10.1371/journal.pone.0128597.t002 
Modeling error evaluation
To gain an intuitive understanding of the modeling error of the wave propagation in large arteries induced by the outflow boundary conditions, we compare the impedance and the kernel function obtained from the ST model with those obtained from the corresponding WK and CWK models, whose parameters are extracted from the impedance obtained from the ST model using Eqs (19)- (21) and (24) . The magnitude, phase of the impedance, and the kernel function are shown in Fig 8. As can be seen from Fig 8A-8D , for both very low frequencies and very high frequencies, profiles of the impedances of the three models are in good agreement with one another. However, for intermediate frequencies (around the location of the minimal magnitude of the impedance of the ST model in Fig 8A and 8B) , there is a large discrepancy. When the root-vessel radius (TR of the large arterial tree) of the structured tree decreases from 0.26 cm (Fig 8A  and 8C ) to 0.13 cm (Fig 8B and 8D) , there is no significant decrease in the largest discrepancy of impedances. Instead, the location of the minimal impedance has shifted to a higher frequency. As a result of this frequency shift, the low-frequency components of impedance are captured more accurately in vessel trees with smaller TR. As discussed before, these low-frequency components are important for describing the wave reflection effect. In order to understand the frequency shift, we turn to the discussion of a characteristic time scale, τ c , of a truncated arterial crown, which is defined as the time for a pulse wave to propagate from the inlet of the truncated arterial crown to its distal ends and then reflected back to the inlet. The characteristic time scale and the corresponding characteristic frequency, ω c , for a truncated arterial crown can be estimated by
where L e is the length of the longest branch of the arterial crown and c e is the effective pulse wave speed of the arterial crown. Under the physiological condition, the pulse wave speed is not very sensitive to vessel radius and we can use the pulse wave speed of the root vessel to estimate the characteristic time scale.
The characteristic frequency and time of the structured tree are marked by the dotted line in Fig 8A, 8B , 8E and 8F, respectively. As can be seen from Fig 8A-8D , the large discrepancy of the impedances between different models is concentrated around the characteristic frequency. The large discrepancy shifts with the characteristic frequency when the root-vessel radius of the arterial crown decreases.
From Fig 8E and 8F , we can see that the error induced by the WK and CWK models in the kernel function lies mainly in the interval (0, τ c ). According to the Fourier transform, the mean value of the kernel function is equal to the total resistance. Because the total resistances of the WK and CWK models are accurate by construction (Eq (19)), the mean value of the kernel functions of the ST, WK, and CWK models are identical. As a result, the error induced by the WK and CWK models by using Eq (10) is approximately proportional to t 2 c . As shown in Fig 9, when the root-vessel radius of the arterial crown decreases, the characteristic time scale also decreases. Therefore, the modeling error of the pulse wave decreases when the root vessel radius decreases. This is consistent with our numerical results. 
Discussion
There have been many works dealing with parameter extraction for the WK model, including the low-frequency impedance method [37, 52] , the integral method [53] , and the estimation of capacitance based on an inverse proportionality between the peripheral total resistance and the capacitance [38] . For the parameter of the total resistance, our result is the same as that in the previous works of Refs. [37, 38, 53] . For the characteristic resistance, R 1 is averaged over a number of high-frequency impedances at the outlet of the large artery in Refs. [37, 52, 53] . In our work, we have shown that the characteristic resistance can be estimated with the pulse wave speed or the area compliance through Eq (20) . Note that the pulse wave speed can be measured by wave intensity analysis [54, 55] . In general, there are errors in experimentally measured high-frequency blood pressure and flow rate and they may cause a large error in the high-frequency impedance estimated by ZðoÞ ¼P ðoÞ QðoÞ . Our approach can avoid the error caused by the experimental measurement of high-frequency blood pressure and flow rate. Furthermore, we have demonstrated that the complex capacitance in our CWK model can be used to capture the phase as well as the magnitude of the impedance of the fundamental frequency accurately. As a consequence, the complex capacitance can help to reduce the modeling error of the pulse wave. However, the parameter extraction of the WK and CWK model considers only the fundamental-frequency impedance to estimate the capacitance. It is necessary to take into account more low-frequency impedances to further reduce the modeling error.
When the root-vessel radius of the arterial crown decreases, the effective pulse wave speed, c e , increases and the length, L e , of the longest branch of the arterial crown decreases. As a result, the characteristic time scale, τ c , decreases. Thus the modeling error of the pulse wave in large arteries induced by WK and CWK models decreases when the root-vessel radius of the arterial crown decreases. Using the modeling error of the pulse wave induced by the WK model in the single artery case, we can roughly estimate that the modeling error in the work of Ref. [6] is smaller than 10.0% for the blood pressure and 19.92% for the blood flow rate, based on the fact that the largest terminal vessel radius of the arterial tree used there is 0.26 cm.
For comparison, we have also used a random tree to evaluate the modeling errors of blood pressure and flow rate in large arteries. The results are included in S3 Text. The modeling errors of blood pressure and flow induced by the WK and CWK models with the reference impedance obtained from the random tree are on the same order as those obtained from the ST model. However, so far, all the comparisons are based on the impedance obtained from tree models. It is necessary to compare with in vivo data to further validate our results in the future.
Conclusion
In our work, we have discussed a systematic methodology to extract parameters of the three-element WK model from the impedance of a truncated arterial crown or from experimental measurements of the blood pressure and flow rate at the outlet of a large arterial tree. To capture the fundamental-frequency time lag between the blood pressure and flow rate, a complex capacitance is introduced in our CWK model. From our numerical results and error evaluation, we have demonstrated that a smaller truncation radius leads to a smaller modeling error and that the modeling error induced by the CWK model is significantly smaller than that by the WK model for the same TR. As a result, the CWK model allows for a greater truncation radius than the WK model for a similarly required modeling accuracy, thus can reduce the task of experimental measurement of the vessel geometry. 
